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The regularized optimal transport

Let po, p1 € Pac(R?) such that H(u; | H9) < +oo.
Fore >0

D) = 00 /cd’y—&—EH(’y\sz) (<EOT)
YEM(po.41)

where c is a C? cost function and for any measure m :

Hey [ m) = [ 200t (520 ox 0

[-convergence towards OTo(y, ) as € — 0 for c(x,y) = 3||x — y||? [CDPSI5].



Convergence of the value

- Proposition [ADPZ11][EMR15] N

Assume c(x,y) = 3|lx — y||?. and that y; are compactly supported with finite

Fisher information then

1 H N+ H d
OT. = W} - gsln(27rs) o [ H )er Ga I ™) | oy (TE-OTY

\ _/

- Proposition [EN22, CPT22]

Assume c is infinitesimally twisted, H(u; | H9) < +o0 and u; are compactly

supported then

(—dsln(a) + C'e S) OT. — 0Ty < —gsln(s) + Ce )
2 2
. J




Convergence of the minimizers

When the optimal transport plan g is unique then Wa(v:,v0) — 0. Then two natural
questions arise:

e Can we find an expansion for [ cdv. and H(v. | H??) ase — 07?

e Is there a rate of convergence for Wa(v:,v0) ?



Qualitative convergence results.
e [-convergence : [Mik04],[MT08],[Lé13],[CDPSI15]
Quantitative convergence results.

e Discrete optimal transport : [CM94]

e Semi-discrete optimal transport : [ANWS21],[Del21]
e Finite Fisher information : [ADPZ11],[EMR15],[Con19]
Finite entropy : [Pal19],[EN22],[CPT22]
Multimarginal : [NP23]



Fisher information and quadratic
cost



Main result

g Theorem ~

Suppose that the cost is quadratic, that is c(x, y) = 3|[x — y||?. Further assume

that /(i) < oo and Supp(pi) compact. Then
od d d
H(ve | H?) = —Eln(27r€) + Hpy, — > +o(1) 3)

where Hp, = (H(po) + H(u1))/2. Moreover

(c.7.) = OTo + gg +o(e) @
\_ Y,

Recall that

i) = [ g 5)



Link with Sinkhorn divergences

It is astoninshing that the first order term in the Taylor expansion of the suboptimality
does not depend on the marginals. The estimator (c,7:) — ge is thus of precision
similar to the Sinkhorn divergences [FSV18, CRL"20]:

1
OT.(po, p11) — 5 (OT(po, o) + OTc(p11, 1)) (6)



Sketch of proof

The Benamou-Brenier [Lé&13] formulation of the problem is the following

d 2
(eEOT) = eHp, — 5 n(2me) —|—nl?|vn/ /*\Vt\ dpe(x)dt + & 2 / /HV/)t\ dxdt
| (eBB)



Sketch of proof

The Benamou-Brenier [Lé&13] formulation of the problem is the following

d 2
(5EOT):6Hm—§ n(2me) —|—m|n/ /*\Vt\ dpe(x)dt + — - / /Hvl)t‘ dxdt

v,
(BB)
Recall that from (TE-OT.) we have

(eEOT) — %Wg(,uo,,ul) + g&‘ In(2me) — eHm = o(¢) (7)



Sketch of proof

The Benamou-Brenier [Lé&13] formulation of the problem is the following

d 2
(eEOT) =¢eHnm — Egln (2me) —|—n/"}||vn/ /f\vt\ dpe(x)dt + — 3 / /va‘ dxdt
' (¢BB)
Recall that from (TE-OT.) we have

1 d
(eEOT) — 5 W2 (1o, p11) + 5 In(2me) — eHm = o(¢) (7)
Thus thanks to (¢BB)

wn L ([ [ Eepande - wtun) + 5 [ [0 ooty 0
pV £ 2 8Jo . Pt

Since both terms are positive they both tend to 0.



From dynamic to static and back

Using the envelope theorem on the static and dynamic formulation we get the following
set of identities

. d
Ye) = —|vi|“dpe(x)dt — )dt + ~¢

(c7%) //2r Fepid )+ o
H(y.) = /O I(p )dt—fln(27r5)+H 2



Quadratic cost without Fisher
information



Main result

g Theorem ~

Suppose that the cost is quadratic, that is ¢(x, y) = %HX — y||?. Further assume
that u; have finite moment of order 2 4 ¢ then

(c72) = OTo+0(e).  H(: | H2) =~ S n(e) +0(1). V&= O(Wa(e.0))

(10)
In the special case where the Monge map Vf associated to the optimal
transport plan 7p is Lipschitz then

L Wa(ve,70) = ©(Ve) {0 y




Disentangling

Once again the goal is to find an upperbound on the sum of two "positive" parts : the
"entropy" and the suboptimality. Note that (¢EOT) satisfies

—geln(e) + Ce > (eEOT) — (OT) > /Cd% - /cdfyo +eH(7e)

Introduce the gap function E =c— ¢ —1 =f + f* —(.,.) > 0 where ¢, 1) are the
Kantorovich potentials and f the Brenier potential of the optimal transport problem.
Thus [ cdyo = [ ¢ + ¥ d~y which in turns grant:

d
——¢ln(e) + Ce > /Edﬂ/€ +e  inf H(~) (12)
2 [ Edv< [ Ed~.



Minimizing entropy under energy constraint

Let G : RY x R — R, . We say that G has a quadratic detachment if for any
u € RY it exists v, € RY such that

Y(u,v) e R?*® G(u,v) > %Hv — v, (13)

Minty’s trick grants FAIRE UN DESSIN?
E(x.y) = f(x) + (y) = (x.y) 2 lIx = (d + 9f) 7 (x + y)|I? (14)

Which after the change of variable u = \%(x +y)v= %(y — x) gives a quadratic
detachment for E:
E(u.v) > [lv = S(u)|? (15)



Quadratic detachment and entropy

B Froposiion .
Let G be a function on RY x R? and v € P,.(R??) and denote
Cq = —3%In(2). If G has a quadratic detachment then

H(vy | #?9) > —g In (/ Gd»y) + H(n | HY) + Cy (16)

Where 1 is the projection of  on the first coordinate, ie the first marginal of +,
and where H is the differential entropy. )




Sketch of proof

If we disintegrate v with respect to the projection on the first variable into v1 ® v« the

quadratic detachment of G controls the variance of ~.

[260c.)d% = [ lly = yalPde > Var(3) ()

Thus by minimality of the gaussian under variance constraint for the entropy we have
H(vx) > —g In (/ Gdvx) + Cg4. It remains to integrate and use the additivity of entropy.

H() = How) + [ ) ()



Expansion of the entropy and suboptimality

Since E has a quadratic detachment after Minty’s change of coordinate we can apply
last proposition to the rotated transport plan 4. (u, v) = 75(\%@ —v), \%(u +v)).
Since the change of variable is measure preserving we have

A d i A
H('Vs) = H('Va) > ) In </ Ed'Vs) + H(WU'YS) + Gy (19)
Combining it with the upper bound on (OT.) — (OT) we have

fgg In(e) + Ce > / Ede — gg In(/ Edv.) + Cle 20)



Expansion of the entropy and suboptimality

The last inequality rewrites as

czfih%dm(f&mﬁ 1)

N |

£
c

or X — X — %/n(x) diverges near 0 and oo thus

(c.7e) = OTo +O(e), H(ne | H*) = —




Slicing lemma

R Lomna N

Let T:RY — R9 an L-Lipschitz map. Let = (Id x T)4puo with g a
probability on RY with finite moment of order 2. For any v € P ,.(R9) we have:
1
W3(uv) = (1= W30, 10) + / Var () dvo(x) 23)
In particular
(14 L2W2(uv) > / Var(v)dvo(x) (24)
L ,

By a similar argument we have

H(v | H29) > H(vo | HY) (W3 (pv)) + C (25)

— —1In
2



Upper bound on the Wasserstein distance

S:(x,y)— (x,Vf(x)) is a transport from ~. to 7o thus
W3(e70) < [ lly = V(IR (x.) 2
However since Vf is Lipschitz an argument by [LN20, Ber20, Gigll] ensures
ly = VA2 < 2L(F(x) + () = (x.¥)) < 2LE(x,y) @7

Integration grants W2 (ve,70) < 2L [ Edv. < Ce.



Infinitesimally twisted costs and
compact supports



Main result

c € C%(Q?) is said to be infinitesimally twisted if
Vi, c(x.y) = (92,.c(x.y))ij € My(R) is invertible for every (x,y) € Q.

XiYj

g Theorem ~

Suppose that the cost is C? and infinitesimally twisted . Further assume that p;

is compactly supported then

(676 = OTo+0(e).  H(re | #2%) = =S In(e)+ 0(1). V& = O(Wal270))

28
q 2

Note that here ~g is any optimal transport plan.




Local quadratic detachment



Control of the entropy

R Lo N

Let X € R compact. E : X x X — R, continuous with a local quadratic
detachment as before then for any v € P(X x X)

H(y | H2) > In (/ Ed7>




Gluing of local properties

Lemma[CPT22]

For ¢ infinitesimally twisted, (¢, 1) a pair of c-conjugate functions. Then
E := ¢ — ¢ — 9 has a local quadratic detachment.

Thus the same procedure grants the result on the entropy and the suboptimality.

Lemma [MPW12]

Any optimal transport plan 7 is locally supported on the graph of Lipschitz
functions.

Using locally the slicing lemma grants the lower bound on the Wasserstein distance
between v, and ~p.



Further questions

Next order term in the Taylor expansion. H,, for quadratic cost -> General

geometric value?

Upper bound for the Wasserstein distance? Seem to depend on the regularity of

the optimal transport plan.

Other rates of detachment for the Gap function.

Other problems involving entropy? Entropic mulitmarginal OT, Free energy with

temperature, ...



Thank you !
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